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Introduction 

In this paper we construct several types of multi-valued solutions to the Monge- 
Ampere equation in higher dimensions. Recently, there has been considerable inter- 
est in understanding the behavior of a metric generated by a solution of the Monge- 
Ampere equation at a singularity. See for instance Loftin, Yau and Zaslow [13] and 
Leung [11]. To explain our results let us refer first to the theory of multi- valued 
harmonic functions. Typical two dimensional examples of multi-valued harmonic 
functions are 

f 1 (z) = Re(z^) 

and 

f 2 (z) = arg(z). 

*Partially supported by NFS grant DMS-0140388 and G-37-X71-G4 
^Partially supported by NSF grant DMS-0401118. 
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The first one, /i, is finitely valued, since it repeats itself once you have gone k— times 
around the origin. In the case of f'2, each time we go around the origin, the function 
increases by 2tt. Multi-valued harmonic functions have been studied by G.V. Evans 
([8], [9] and [10]), H. Lewy ([12]) and L. CafTarelli ([1] and [2]), which have inspired 
the present paper. 

1 Finitely valued solutions of the Monge- Ampere 
equation 

The geometric situation is the following: Let D C K n , n > 2, be a bounded strictly 
convex open set with smooth boundary dD, and let E C D be homeomorphic 
in M n to an (n — 1)— dimensional closed disc, i.e., there exists a homeomorphism 
ip : K n — > R n such that ip(E) is an (n — 1)— dimensional closed disc. Let T = <9E, 
the boundary of E. Thus T is homeomorphic to an (n — 2)— dimensional sphere for 
n > 3. In R 3 , T is a curve "spanned" by a disc. 
Let 

M = {D \ r) x Z, 

denote a covering of D \ V with the following standard parameterization: Fixing an 
x* e -D\E, and connecting x* by a smooth curve in D\T to a point x in D\T. If the 
curve goes through E m > times in the positive direction (fixing such a direction), 
then we arrive at (x, m) in M. If the curve goes through E m > times in the 
negative direction, then we arrive at (x, —m) in M. For n > 3, the fundamental 
group of £) \ T is Z and M is the universal cover of D \ F. 

For k — 2, 3, 4, • • •, we introduce an equivalence relation "~ fc " on M as follows: 
(x, m) and (y, I) in M are "~fc" equivalent if x = y and m — I is an integer multiple 
of k. We let 

M fc := M/ ~ fc , 
denote the fc— sheet cover of D \ T, and let 

9'M fe := uf =1 (9L>x{0). 

For tfi,---,tpk £ C°(dD), it is easy to prove, by Perron's method, that there 
exists /i G C°°(M fc ) n L°°(M k ) n C°(M fc U 9'M fe ) satisfying 

A/i =0, onM fc 
/i = ifi, on (9D x {i}, 1 <i <k. 
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Since T has zero capacity, the maximum principle holds on M k . Let u,v G 
L°°(M k ) satisfy Au > > Av in M fc and limmf dist ^ d , Mk )(u(y) - v(y)) < 0, then 
u < v in Mfc. 

Let /i G n be the solution to 

Ah = 0, in D, 

h = |E*=i^, on9D. 

It was proved by Caffarelli [2] , under some mild additional regularity assumption 
on T (e.g. T is C 1 ), that 

\imh(x, m) = h(x), Vx G T, 1 < m < k, 

and, for some < a < 1 and C > 0, that 

\h(x,m) - h(x)\ < C\x - x\ a , V (x,m) G M k . 

It follows, by the maximum principle, that (1) has a unique bounded solution h. 

Let ipi,---,(fk G C°(dD), and let / G C°(Mfc) satisfy, for some positive constants 
a and 6, 

a< f <b on M fc . (2) 

We consider the following Monge- Ampere equation on Mfc with Dirichlet bound- 
ary condition: 

det(D 2 u) =/, on Mfc, 

u = Lfi, on (9-D x {i}, 1 <i <k. ^ 

Theorem 1.1 Let M k be as above, k = 2,3,4, (p 1: ---,(p k G C°(dD), h be the 
bounded solution of (1), and let f G C°(M k ) satisfy (2) for some positive constants a 
and b. Then (3) has at least one bounded locally convex viscosity solution u satisfying 
u < h on Mfc. 

Proof. Let P(x) be a convex quadratic polynomial satisfying 

det(£> 2 P) > b on D, 
P < inf /i on D, 
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and let D' be an open set in D containing E and satisfying dist(D', 3D) > 0. As in 
Caffarelli, Nirenberg and Spruck [7], we construct Ui £ C°°{D) fl C°(D), 1 < i < k, 
which satisfy 

det(Mj) > b, on D, 
Ui = (ft, on dD, 
^ < P, on D'. 

Define 

u(x, m) = max{« m (i), P(x)}, x G D\T, 1 < m < k. 

Then u G C°(M k U d'M k ) is a locally convex subsolution of (3) satisfying 

u(x, m) = P(x) ViG -D', 1 < m < k. 

Let iS denote the set of locally convex functions v in C°(Mk U d'Mk) which are 
viscosity subsolutions to (3) satisfying 

limsup max [v(x,m) — h(x,m)] < 0, VxGT. (4) 

x^i l<m<fc 

Clearly uES. 
Define on M k 

u(x,m) = sup{v(x, m) \ v G S}, 1 < m < k. 
For every v G S, 

Av>0 on M fc . 

By the maximum principle, using (4), v < h on \ //,. Thus « < ft on M^, and 
■u G C°(M fc U d'M k ) is a locally convex viscosity solution of (3). Theorem 1.1 is 
established. 

□ 

Let S* denote the set of locally convex functions v in C°(M k U d'M k ) which are 
viscosity solutions to (3) satisfying (4). Then 

u*(x, m) := sup |t> (x, m) \ v G »S* j, xGD\r,l<m<l; 

is the largest element in S* . Moreover, by the maximum principle, 

u* < h in Mfc. 

It is clear from the proof of Theorem 1.1 that (3) has infinitely many solutions. 
In the following we study the existence of solutions to (3) with prescribed values on 

r. 
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Theorem 1.2 LetM k , ifi, f andh be as in Theorem 1.1, and letu G C°(M k Ud'M k ) 
be a locally convex viscosity subsolution of (3) satisfying 

u{x) := \imu(x, m) exists, finite, independent of 1 < m < fc, V x G T, 

and 

u(x) < liminf min h(x,m), ViGT. 
— v ' ~ x^x i< m <k y ' 

Then there exists a unique locally convex viscosity solution u of (3) satisfying 
u(x) := lim u(x,m) = u(x), 1 < m < k,\/ x . 



Proof. Let S denote the set of locally convex viscosity subsolutions v of (3) in 
C°(M k Ud'M k ) satisfying 

lim sup v(x, m) < u{x), 1 < m < k, V x G Y. (5) 

x^x 

Clearly u G S. Define on M k , 

u(x, m) := sup jf (x, m) \ v G «s|, 1 < m < k,x G D \ Y. 
By the maximum principle, 

u<u<h on M k . 

It follows that u G C°(M k U d'M k ) is a locally convex viscosity solution of (3) 
satisfying 

lim inf u(x, m) > u(x), W 1 < m < k, ViG T. 

x-^x 

Let v G S, x G T and x G D \ T. Since the Hausdorff measure iJ n_1 (r) = 0, there 
exist yi — > x and z/j — > |jfzfj| sucn that 

{yi + ti/i | t > 0} n T = 0. 

By the convexity and the boundedness of v on the lifting of the segment {yi+tui | t > 
0} fl D, we have, for some constant C independent of i, 

v(yi + \x — x\vi,m) < max v(yi, m') + C\x — x\, V 1 < m < k. 

Km'<k 
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Sending i to infinity, we have, by (5), 

v(x, m) < u{x) + C\x — x\, Vi G D\r,V 1 < m < fc. 
It follows that 

Urn sup u(x,m) <u(x). 

x^x 

Theorem 1.2 is established. 

□ 

Example 1 . Let M k and / be as in Theorem 1.1, and let <pi, ■ ■ ■ , (pt G C°(dD) satisfy 

<Pi > ¥i on 9D, 1 < i < k. 

Let G G C°(D) be a convex function satisfying, in the viscosity sense, 

det(D 2 G) >f in D, 
G — (pi on dD. 

Then (3) has a unique locally convex viscosity solution with G as the prescribed 
value on T. 

Let D 1 be a convex open set containing V satisfying D' C D. We follow [7] to 
construct convex u' 2 , • • • ,u' k G C°°(D) fl C°(D) satisfying 

det(D 2 M-) > / inD,2<i<k, 

u ■ = </?j, on 2 < i < k, 
G>u! i in D',2 <i < k. 

Let m'i = C, 

:= maxjM^x), x E D, 

and 

m) := u m (x), x E D\T, 1 < m < k. 
Then m G C°(Mfc U d'Mk) is a locally convex viscosity subsolution of (3) satisfying 

u(x, m) = G(x), V 1 < m < k, for x in D \ T and close to T. 

As a result, by Theorem 1.2, we can solve (3) with G as the prescribed value on T. 
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2 Classical solutions when T is a "plane curve" 

Solutions given by Theorem 1.1 and Theorem 1.2 are not necessarily classical solu- 
tions. In this section we study the existence of classical solutions of (3) with value 
on T under some further hypothesis on T. 

Let Q C D be two bounded open strictly convex subsets with smooth boundaries, 
denoted respectively by dVt and dD. Let E, diffeomorphic to a (n — 1)— disc, be the 
intersection of Vl and a hyperplane in M™, and let V be the boundary of <9E. The 
fundamental group of D \ V is 7Ti(D \ F) = Z when n > 3. Let M = (D \ T) x Z 
and Mfc = M/ ~^ be covering spaces of D \ T as in Section 1. E divides Q into two 
open parts, denoted as Q + and Q~ . Fixing ai* G Q~ , we use the convention that 
going through E from Q~ to Q + denotes the positive direction through E. 

Theorem 2.1 Let M k , k = 2, 3, 4, • • 6e as afooe and Ze£ / G C°°(M fc ) satisfy (2) 
for some positive constants a and b. Then there exists some f3 > such that for any 
<Pi, • • • , y?fc G C°°(dD) satisfying 



there exists a unique locally convex u G C°°(M k U d'M k ) satisfying (3) and 



on dD, 1 < i < k, 



(6) 



lim_-a(x, m) = 0, Vl<m<l:,Vxer. 



(7) 



Proof of Theorem 2.1. Let t> G C°°(f2) be a convex function satisfying 

/ det(D 2 v) >b in fi, 




By Lemma 8.1, there exists x(^) G K 1 



n 



for every £ G <9f2 such that 



w,(x) :=-(\x-x(0\ 2 -\Z 



x 



(0\ 2 )<b 



v(x), Vxen\{e}. 



Moreover sup^^ < oo. 




:r G f2, 



Then V G C°(D) is a convex viscosity subsolution to 

det(DV) =6 in D. 
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Let 

8 = max V. 

dD 

With this value of (5, and for any (pi,---,(pk £ C°°(dD) satisfying (6), we can 
construct as in [7] convex • • • ,y/ k G C°°(D) fl C°(D) satisfying 

det(D 2 M-) > b inD,l<i<k, 

y/i = (fi on dD, 1 < i < k, 
V > m- in U, 1 < i < k. 

Let 

Ui(x) = max{V (x) , u^x)} , x G D, 1 < i < k, 

and 

w(a;, m) = M m (^), rr G -D \ T, 1 < m < k. 
Clearly u is a locally convex viscosity subsolution of (3), u G C°(M k U d'M k ) and 

m) = V 1 < m < k, for x in D \ T close to T. 

In particular 

u(x) = lim_ u(x, m) = V(x) =0, M \ < m < k,\f x & T . 

By Theorem 1.2, there exists a unique locally convex viscosity solution u of (3) 
satisfying (7). 

To complete the proof of Theorem 2.1, we need to show that u G C°°(M k VJd' M k ). 
This follows from the regularity theory developed by the first author in [3], [4] and 
[5]. Indeed if u does not belong to C°°(Mk U d'Mk), then, by theorem 1 in [3] and 
theorem 2 in [4] , there must be a line in on which u is linear. By the arguments 
in the proof of corollary 4 in [3], the line can not hit d'Mk- So this singular line 
7(t), < t < 1, must be the lifting of {tx (1) + (1 - t)x (2) | < t < 1} for some 
xW,x& e T, xW ^ x {2 \ By (7), u(7(t)) = for all < t < 1 and therefore u = 
on the (n — 1) dimensional disc spanned by {7(t)}o<t<i and T. This violates the 
theorem in [5]. Theorem 2.1 is established. 

□ 
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3 Infinitely valued solutions with exponentially 
growing right hand side 

This section is motivated by the following 2— d example: In the spirit of arg(z) that 
grows by a constant every time we go around the origin, we construct a solution of 
the Monge-Ampere equation that grows by a factor every time we go around the 
origin. In dimension 2 we get the solution 

u(r, 9) = r 2 e xe 

that satisfies 



det(D 2 u) = 2(2A 2 - 2A + l)e xe . 

We do now a similar construction in R n . For D, Q, T, M as in the last section, 
we study in this section multi-valued solutions to Monge-Ampere equations on M. 
Let S E C°°{M) satisfy 

S{x,k) = S{x,k-l) + l, VxeD\T,Vkez, 

and 

c : = 

|fc|<2,zea 



c := sup e s( - x ' k ^ < oo. 



We use notation 

d'M = UZ-^dD x {i}). 

Theorem 3.1 Let D,Q,F, M, S be as above. Then there exists some positive con- 
stant (3 such that for any f G C°°(dD) satisfying 

V? > on 3D, (8) 

there exists a locally convex u e C°°(M U d'M) satisfying 

det{D 2 u) = e s , in M, (9) 

u(x, k) = e™u(x, k — 1), V (x, k) e M, (10) 
lim u(x,m) =0, ViGT, V 1 < m < fc, (11) 

x— >x 

u(x, k) = e%ip(x), V (x, k) e d'M. (12) 
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Proof of Theorem 3.1. Let £ G C°°(Q) be a convex function satisfying 

f det(L> 2 > c, in fi, 
\ k = 0, onffi. 

As in the proof of Theorem 2.1, we can extend £ to a convex £ G C°(D) which 
satisfies in the viscosity sense 

det{D 2 i) >c in D. 

Let 

3 := maxf. 

3D 

With this value of 8, for any </? G C°°(dD) satisfying (8), we construct, as in [7], 
some convex rj' G C°°(D) fl C°(D) which satisfies 

detpV) > c in D, 

rj = if on 3D, 
rj' < £ on Q. 

Let 

77(2;) := max{r]'(a;), £(x)}, x & D. 
Then 77 G C°(D) is a locally convex function satisfying 

77 = ip on <9.D, 

77 = £ in an open neighborhood of £1, 



and, in the viscosity sense, 



In particular, 



det(£> 2 77) > c in D. 

77 = £ on tt, 
77 = on <9f2, 
77 < in Q. 



Define, for k G Z, 



e « f/Oz), 2; G 

enrj(x) : x E D \ Q+. 
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It is not difficult to see that this extends ton 6 C°(MUd'M) which is locally convex 
and satisfies 

u(x, k) = e™u(x, k — 1), V (x, k) e M, 
lim u(x, m) — 0, \/xET,Wl<m<k, 

x—*x 

k 

u(x, k) = e«</?(x), V (x, k) e dD x Z. 
and, in the viscosity sense, 

det(L>V) > e 5 in M. 
Let <S denote the set of locally convex functions v E C°(M U d'M) satisfying 
v(x, k) = e*v(x, k — 1), V (x, k) e M, 
lim i>(x, m) = 0, V x G T, V 1 < m < k, 

x^x 

v(x,k) = e»<p(x), W(x,k)ed'M, 
and, in the viscosity sense, 

det{D 2 v) > e s in M. 
Let Bi, B 2 , B 3 , ■ ■ ■ be open balls in D \ Y such that 

£>\r = n^ 1 vjf =l B v 

i.e. every point in D \ F belongs to infinitely many balls. 

For any v e <S, and for any open ball B C D \ T, we define T^f as follows: The 
lifting of B into M is the union of infinite disjoint balls, denoted as {B^}^ = _ OQ . 
We keep T B v the same as v outside iJ^__ 00 B^ n \ while in each B^ we replace v by 
the solution of 

det(D 2 (T B v)) = e s , in B( m \ 

(T B v) = v, on ^ 

It is not difficult to see that T B v e S, and T B v > v in M. Let B[, B' 2 , B' 3 , B' 4 ,--- 
be a sequence of balls defined by B[ — B 1: B' 2 — B 2: B' 3 — B 1: B' 4 — B 2 , B' 5 — B 3 , 
B' % = B u B' 7 = B 2 , B' 8 = B 3 , B' 9 = B 4 , B' 10 = B 1 ,-- •, and let v = u and Vi = T B ^i-i 
for i = 1,2,3, •• •. Thus we have defined a sequence of functions {vi} in S which 
satisfy 

vq < v\ < v 2 < v 3 < ■ ■ ■ in M. 
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For x G dD, let u(x) denote the unit inner normal of dD at x. We will show 
below that there exist some positive constants e and C such that 

k 

Vi(x + tu(x), k) < Vi(x,k) + Ce™t 

k fc + 2 

= e^+Ce— t, V x G dD, k G Z,0 < t < e, (14) 

and 

Vi(x,k) < Ce», VxGD\r,VfcGZ. (15) 

Since T is closed, there exists e > such that dist(T, dD) > e. For any a; G <9-D, 
since if n_1 (r) = 0, there exists \v{\ — 1, i/j — > such that 

+ tz/ z | t > 0} n T = 0. 

Let ti > e, x + Uvi G 91? and let 7(t),0 < t < ti, 7(0) = (x,k), be the lifting of 
{x + tv\ I < t < ti} to M, then Vi{j{t)) is a convex function for t G [0,£j]. Since 
T G <9f2 and is strictly convex, the segment {x + tu t | < t < t{\ can intersect E 
at most once. Therefore, for \k' — k\ < 1, 

, ,v (vAx + tiv h k') -Vi(x,k)\ 
Vi (x + tu h k) < Vi (x,k)+l-± l ±^\t 

fe^tpix + tui) — enm(x) \ . „ k 

= Vi(x,k)+\ — — j. r±± \ t < Vi (x,k) +Cent. 

Estimate (14) is established. 

For x G D, dist(x, dD) < e, and k G Z, we deduce from (14) that 

k 

Vi(x, k) < Ce». 

Since iJ n_1 (r) = 0, for any x E D\T with dist(x, dD) > e, there exists \u\ = 1 such 
that 

{x + ti/ 1 1 g k} n r = 0. 

Let r < < t + satisfy x + t^v G Let 7(t),t" < t < t + , 7(0) = (x, k), be the 
lifting of {x + tu \t~<t< t + } into M. As before, f j(7(t ± )) are bounded from above 

k k 

by Ce~. Thus by the convexity of Vi^it)) in t, Vi(x) is bounded from above by Ce^. 
Estimate (15) is established. With (14) and (15), and some standard arguments, 
Vi monotonically converge to some locally convex u G C°(M U d'M) which satisfy 
(10), (12), and, in the viscosity sense, (9). Using some arguments similar to those in 
the proof of Theorem 1.2, we see that u satisfies (11). The smoothness of u follows 
from the regularity theory of the first author as used in the proof of Theorem 2.1. 
Theorem 3.1 is established. 

□ 
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4 Global finitely valued solutions 

We present here existence results closely related to theorem 1.7 in [6]. Let fi, T, E 
be as at the beginning of Section 2, and we take D to be R n instead of a bounded 
strictly convex open set. W restrict to n > 3. For k — 2, 3, • • •, we define M and 
M k as at the beginning of Section 2 with D replaced by R n . 
Let 

A = {A | A is real n x n symmetric positive definite matrix with det(A) = 1}. 
For / G C°(M k ) satisfying, for some positive constants a and o, 

a<inf/<sup/<&, (16) 

and 

{/ 7^ 1} is compact, (17) 

we consider 

det(D 2 u) = f on M k . (18) 

Theorem 4.1 For n > 3, k > 2, let M k , T be as above, and let f e C°(M fc ) satisfy 
(16) and (17) for some positive constants a and b. Then for any c m G R, b m G K n 
and A m G A, 1 < m < k, there exists some (3* G R such that for any (5 > (3* there 
exists a unique locally convex viscosity solution u G C°(M k ) of (18) which satisfy 

limsup ( \x\ n ~~ 2 u(x,m) — [-x'A m x + b rn ■ x + c m ] \ < oo, V 1 < m < k, (19) 

\x\^oo V ' 2 / 

\imu(x, m) = —3, ViGT, W 1 < m < k. (20) 

x— >x 

Moreover u G C°°(M k ) provided that f G C°°(M k ). 

Proof of Theorem 4.1. For simplicity we assume that / = 1. The general case can 
be obtained by incorporating some arguments in [6]. Let <3> G C°°(VL) be a convex 
function satisfying 

f det(D 2 $) > 1 onO, 
\ $ = 0, on dVL. 

By Lemma 8.1, there exists G K n for every ^ G such that 

W€ (x) := i (\x - x(0\ 2 - 1$ - ^(Ol 2 ) < VxGfl\ {O- 
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Moreover sup^ e9 Q < oo. 

Define 



V(x) 



x G ft, 

sup^^u^rr), iGl"\ ft. 
Then V is a convex function satisfying, in the viscosity sense, 



det(D 2 V) > 1 in R n . 
Fix some Ri > such that 

ft C B Rl . 

Write 

-x'A m x + 6 m • x + c m = -\(A m )^x + {A m )~h\ 2 + c - i|(A m )-56| 2 . (21) 



Let 



R 2 :=2 max max \(A m )^x + (A™) 2 61 . 

l<m<fc|a;|<Ri 



Define, for a > 1, 

w ma (a;) := inf V + / (s n + a)«ds, < Ixl < 00. 

^m,a satisfies 

det(D 2 w mia (x)) = 1 V < \x\ < 00. 
By the definition of R2, 

/•R2/2 ± 
w m Jx) < infV+ / {s n + a)™ds 

Br 2 J2R2 

< inf V < V(x), V 1 < m < k, V \x\ < R 1 . 

Br 2 

Fixing some i? 3 > 3R 2 satisfying 

mm min \(A m )*x + (A m )~h\ > 3R 2: 

l<m<k \x\=R 3 

we choose a x > 1 such that 
w ma (x) > inf V + / (s n + a)~rfs > V(x), V Id = R 3 , V 1 < m < k, V a > <n. 



It is easy to see, in view of (21), that 

w m ,a{x) = -x'A m x + b m ■ x + c rn + /i(m, a) + 0{\x\ 2 ~ n ) as \x\ — > oo, 

where fi(m, a), monotonic and continuous in a for large a, tends to oo as a — > 
Define, for a > a\ and 1 < m < k, 



Um,a( X ) = | 

Then, for 1 < m < k, 
1 



max{l/(i),M) mia (j;)} - fi(m, a), \x\ < R 3 , 



Mm.aC^) = ^'AnZ + & m • ^ + C m + O ( 1 07 1 2 ") as |x| — > OO, 

Mm a = — Ai(m, a) on T, 
« m (1 = V in some open neighborhood of S, 
and « m a is a convex function satisfying, in the viscosity sense, 

det( J D 2 Mm , a ) > 1 inR n . 

It is easy to see that there exist continuous functions a^ m \a), 2 < m 
satisfying 

lim a (m) (a) = oo 

a— >oo 

and, for 2 < m < fc, 

fi(m, af- m \a)) = /x(l, a) for large a. 
Define, with the convention a* 1 ) (a) = a, 

u a (x,m) = u m ^ m)(a) (x), V (x,m) G M fc . 
Then ^ is a locally convex function on M k satisfying 

Ua(x, m) = ]-x'A m x + b m ■ x + c m + 0(|a;| 2 ~ n ) as |x| — > oo, 

lim to) = /x(l, a), V x G T, V 1 < m < k, 
and, in the viscosity sense, 

det(£> 2 Ma) > 1 in M fe . 
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Next we produce appropriate supersolutions. Let R4 be defined by 
max max \(A m )^x + (A m )^^b\ = i? 4 , 

l<m<fc \x\=2R 3 



and let 

r\(A m )h x +(A m )-hb\ 

/ [s n -(R 4 ) n ]-ds, \(A m )2x+(A m )-2b\>R 4 , 

0, \{A m )lx + {A m )-h\ <R 4 . 

Then w+ G C^R") n C°°(R n \ B Ri ) is a convex function satisfying 

det(D 2 w+)(x) = 1 for \(A m )h + (A m yh\ > R A , (23) 

V^(x) = for \{A m )^x + (A m )-h\ = R 4 , (24) 



3 

w+(x) =0 V |x| < -R 3 , 



and, for some /3(m) G E, 



tf)i(i) = ]-x'A m x + b m ■ x + c m + j3(m) + 0(|x| 2 n ), as \x\ — > 00. 
Define 

u> + (:r, to) := — P(m), V (x, to) G M fc . 

Clearly w + satisfies, in the viscosity sense 

det(L> 2 w + )) < 1, on M fc . 

For A large, w + + A > u a on M fc . Let 

A a := inf{A > | w + + A > w a on M fc }. 
Fix some a 2 > ai such that 

— a) < — max /3(m) V a > a 2 . (25) 

l<m<fe 

By (22), (23), (24) and (25), no touching of w + + A a and u a can occur (see 
arguments on page 575 of [6]). Thus A a = and w + > w a on Mk for all a > a 2 . 
Let <S a denote the set of locally convex functions v on Mk satisfying 

v < w + on Mfc, 
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det(D 2 v) > 1 
limsupw(x, m) < — /x(l,a), 



VjgT, V 1 < m < fc. 



on Mi 



Clearly ^ e 5«. Define 



u a (x, m) = sup{v(x, m) \ v G S}, 



V (x,m) G M k . 



Using some arguments similar to those in the proof of Theorem 1.2, together with 
some standard arguments, we see that u a , for a > a 2 , is a locally convex solution to 
(18) with / = 1 satisfying (19) and (20) with (3 = /i(l,a). To complete the proof 
of Theorem 4.1, we only need to prove that u G C°°(Mk). This follows from the 
regularity theory of the first author as used in the proof of Theorem 2.1. Indeed 
the only additional observation is that, because of (19), there can not be a ray to 
infinity on which u a is linear. Theorem 4.1 is established. 

5 Infinitely valued solutions with a triple point 

In this section, only in K 3 , we construct more complex multi-valued solutions. Here, 
the curve defining the multiple leaved space is like a "Mercedes Benz star" and 
each time we cross one of the three holes, we go into a different copy of K 3 \ T. In 
particular, the origin is a triple point where the "three cuts" coexist. We point out 
that this construction is possible due to the particular geometry of the Pogorelov 
singular solution. 

Let R 3 = {(x±,X2, xs) | Xi G E}, and let e±, e-i-, be distinct unit vectors lying in 
the (x±, X2)— plane. We assume that 



ei-e 2 >-l, e 2 -e 3 >-l, e 3 • e x > -1. 



(26) 



Let 




ei + e 3 




e 2 + ei 




e 3 + e 2 



1 + ei • e 3 ' 



1 + e 2 • e l ' 



1 + e 3 • e 2 



and 




i = 1,2,3. 



Clearly 




(27) 
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Let D be a strictly convex bounded open set containing the origin with diameter 
diam(D) = 2. Recall the singular solution to Monge-Ampere equation of Pogorelov 
in 3— dimension: 

= fM\(x 2 ,x 3 )\* (28) 

where / is positive and smooth in, say, (—2, 2), and blows up at x\ = ±2. See, e.g., 
[5] for the ODE satisfied by /. The function P satisfies in the viscosity sense 

det (D 2 P) = 1. 

Moreover P(xi, 0, 0) = for all |xi| < 2. 

Let P ej (x) denotes the Pogorelov solution which vanishes along the ej— line, and 

let 

h (x) = maxix • e, + P e (x)}, x £ D. 
j 

Let 

/3':=sup{/iV'i,4^}>0. 

D 

For any if' G C°(dD) satisfying mmQ D ip' > j3', we can construct as before convex 
ti E C°°{D) n C°(D) satisfying 

det(D 2 ti) > 1 in D, 

h! = ip' on dD, 
ti < in B x . 

Define 

h(x) = m&x{h°(x),ti(x)}, x eD. 
By (27) and the fact that P ej = along the ej— line, we have, V < s < 1, 

£[{sei) = h(sei) = s, £[{se 3 ) = h(se 3 ) = s, 

^2( se 2) — h{se2) = s, £' 2 (sei) = h(sei) = s, 
£' 3 {se 3 ) = h(se 3 ) = s, £ 3 (se 2 ) = h(se 2 ) = s. 
We now consider the convex domain 

Cj :={xeD\ h{x) < e'jix)} 

and let 
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Ej = Cj n{x\x z = 0}, 
Tj := dCj n {a; | x 3 = 0}, 

r = r x u r 2 u r 3 , 

q+ = Cj n{x\x 3 > o}, nj = Cj n{x\x 3 < o}. 

Let M denote the universal cover of D\T. The fundamental group G of M is the 
free products of three cyclic groups G±, G2 and G3. We use gi to denote the generator 
of Gi. Fixing a base point x* in D\T, we parameterize points of M — (D\T) x G as 
usual: For x G D\T and g = g?g$gi? ■ ■ ■ gT +1 gf +2 gf +z G G, we use (x, g) to denote 
the point of M obtained by a path starting from x*, ending at x, and crossing Ei 
ii times (i\ = means no crossing, i\ > means crossing in the positive direction, 
i.e., from fij" to fi] 1 ", %\ < means crossing in the negative direction), crossing E2 ?2 
times, crossing E3 i 3 times, crossing Ei 14 times, crossing E2 i$ times, • • •, crossing 
E3 «3/+3 times. We use notation d'M = {(x, g) \ x G dD,g G G}. 

Let 01, a 2 , a 3 G R and let 5 be a smooth function defined on M satisfying 

S(x,g) = S(x, g) + (i± h^+i) a i 

+(^2 + k H 1- ^+2)^2 + (i 3 + is H 1- ki+3)a 3 , 

where 5 denotes the identity element of G and g = g?g?gi? ■ ■ ■ g? l+1 g? +2 g? +3 G G. 
We will produce in the rest of this section locally convex viscosity solutions u to 

det(D 2 u) = e s in M, (29) 

satisfying 

D 2 (u(x, g) - i(g)u(x, g)j =0, V (x, g) G M, (30) 

where 

l(g) = 11(9)12(9)13(9), 

^(g) = e ir( i i+ i 4+"'+ i 3!+i) ) ry 2 ^ — e ^(i2+i 5 +-+i3i+2) ) _ e ^(i3+i6+-+i 3 i+3)_ 

Let 6 = e 10 (l ai l + l a2 l+l a3 l), h* = bh, and (3 = b(3'. We consider <p G C7°(9D) 
satisfying 

mm<z>>/3. (31) 

3D r y ' 

We will first construct u on M satisfying 

det(£> 2 u) > e s on M, (32) 



20 



u(x,g) = l(g)u(x,g)-'y 1 (g)e 1 -'y2(g)e2-'Ya(g)e3, (x,g)eM, (33) 

and 

u{x, g) = 7 (<?V - 7 iG?Ki - 72(^2 - 7s(^)4, (x, g) G d'M, (34) 
where £j = bi'y 

We will use dCj fl | x 3 > 0} as a cut-off surface, playing a similar role as 

<9fi n dQ + in the proof of Theorem 3.1. We change h* - £j (£j = b£' 3 ) to e^(h* - £j) 
when crossing Ej in the positive direction into so on that leaf, we replace h* by 

a j c 

e~(h* — £j) + In general, for enh* + £ (£ is some linear function), we change it 

to e Cj ^(h* -£j) +en£j +£. 

Following the above procedure we have defined u: 

( h*{x) x e d \ (nf u nt u 

I e ^ (/l *_ £ . )+ ^. IG(] + j = 1,2,3, 
and m satisfies (32), (33) and (34). 

Theorem 5.1 For ip G C°(dD) satisfying (31), there exists a unique locally convex 
viscosity solution u G C°(M U <9'M) to fi?P) satisfying 

u(x, g) = i(g)u(x, g) - 7i(«Ki - 72(0)^2 - 7s(^)4, (x, g) G M, 
u(x,g) = u(x,g), V(x,g)E&M, 

and 

tim(u(x,g)-u(x,g)^=0, \/xeT,geG. (35) 
Consequently u satisfies (30). 

Remark 5.1 TTie above theorem can easily be extended to m > 3 ttm£ vectors 
ei, • • • , e m £ym<7 m £/ie (xi,x 2 )-plane satisfying 

ei • e 2 > -1, e 2 • e 3 > -1, • • • , e m _i • e m > -1, e m • ei > -1. 

In fact, {ei, • • • , e m } do noi need to Zze exactly in the (xi, x 2 ) -plane. These can be 
seen from the proof of Theorem 5.1 

Proof of Theorem 5.1. Let 5 denote the set of locally convex functions v G 
C°(M U d'M) satisfying, in the viscosity sense, 

det(D 2 v) > e s in M, 
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lim sup I v(x, g) — u(x, g) j < 0, VieT, jgG, 
#) = l(g)v(x, g) - - I2W2 - 73(5)4, (a:, 5) G M, 



and 



5) = 7(#V - 7i(#Xi - 72(^)^2 - 73(^)4, (x, #) G d'M. 
Clearly ueS. Define 

u(x,g) = sup {t>(x, g) I f G 5}, (x,#)gM. 

Modifying the arguments in the proof of Theorem 3.1, we see that u belongs to S and 
satisfies (29) and (35). The uniqueness of such u follows from standard arguments. 
Theorem 5.1 is established. 

□ 



6 Infinitely valued solutions with constant right 
hand side 

In this section we construct infinitely valued solutions with constant right hand side. 
The invariance here is given by the fact that u in consecutive leaves differs from the 
previous one in an afline transformation. 

For n > 3, we use R™ -1 = {x — (#i, • • • , x n -i, 0) | Xi G M.} to denote the hyper- 
plane in K n = {x — (x\, • • • , x n ) I Xi G R}. Let E C R™^ 1 be a (n — 1)— dimensional 
strictly convex bounded open set with smooth boundary, and T be a n x n real 
matrix satisfying Tx = x for all x G R n_1 , i.e. 



/ 1 




T = 




1 










V 


















Ai \ 

A 2 



1 

1 



Let T be the boundary of £ in the R n , and let 



M 



\r)x 



be the universal cover of R n \ T with the usual parameterization: Fixing a point x* 
in R n \ T, and connecting x* by a smooth curve in R n \ T to a point x in R n \ V . 
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If the curve goes through E m > times in the positive direction (say, increasing 
X3), then we arrive at (x, m) in M. If the curve goes through £ m > times in the 
negative direction, then we arrive at (x, —m) in M. 

For A; = 2, 3, 4, • • •, we introduce an equivalence relation "~fc" on M as follows: 
(x, m) and (y, /) in M are "~fc" equivalent if x = y and m — I is an integer multiple 
of k. We let 

M k := Mj ~ fc , 
denote the fc— sheet cover of M n \ T. 

Theorem 6.1 Let M and T be as above, b G M. n , c G K 7 and let A be a real 
symmetric n x n matrix with det(A) = 1. Then there exists some constant ft* > 0, 
which depends only on T , V , A, b and c, such that for any f3 > (3* there exists a 
unique locally convex function u G C°°(M) satisfying 

det(£> 2 w) = 1 m M, (36) 

u(x, m) = u(Tx, m — 1) V (x,m) G M, (37) 

\imu(x,m) = —8, V x G T, VmsZ. (38) 

1— 

and 

lim sup (\x\ n - 2 \u(x, m) - Q(T m a;) | \ < 00, V m G Z, (39) 
where Q(x) := \x' Ax + b ■ x + c. 

Remark 6.1 It is clear that the conclusion of Theorem 6.1 holds with M replaced 
byM k , fc = 2,3,4,..-. 

Proof of Theorem 6.1. By the afhne invariance of the equation, we may assume 
without loss of generality that b = 0, c = and A is the identity matrix. Let 
Q C K ra be a strictly convex bounded open set with smooth boundary satisfying 
S = n M"- 1 and, therefore, r = dtt n M n_1 . Let $ G C°°(n) be a convex function 
satisfying 

f det(L> 2 $) > 1 011O, 
\ $ = 0, on 9Q, 

and let 

$(x) := $(x) + K\x n \, x G H, 
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where K > 1 is some fixed large constant, depending only on T and T, satisfying, 
for all (xi, • • • , a; n _i, 0) G £, that 



lim inf $(si,---,Sn-i,s) -$(xi,---,x ra _i,0) > Q 

s^O |s| ' 

Um inf $(T(x!, ■ ■ ■ , x w _ 1; s)) - $(T( Xl , ■ ■ ■ , x w -!, 0)) > 

s^O Isl ' 



Because of (40), <£> also satisfies, in the viscosity sense, 

det(£> 2 $) > 1 in Q. 
By Lemma 8.1, there exists G K™ for every £ G <9f2 such that 

:= $(0 + - x(0| 2 - 1$ " S(0| 2 ) < V x G H\ {£}• 

Moreover sup^^ 1^(01 < 00 • 
Define 

v(x) = I $0*0, a; G ft, 

I sup^^(x), x g R n \a 

Then V is a convex function satisfying, in the viscosity sense, 



(40) 



Let Ri > satisfy 
and let 



det(DV) > 1 in R n . 



QGB Rl , 



R.2 = 2 max max |T m a;|. 

|m|<4|x|<fli 



We consider, for a > 1, 

iu a (x) := inf V + /' (s n + a)«ds, < Id < oo. 

Br J2R 2 



By the definition of R2, 

[Rill 

1R 2 



w a (T m x) < inf V + / (s n + a)-rfs< inf K<Wi), V Iml < 4, V Id < ifc. 

Br 2 J2R 2 b R 2 
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Fixing some R 3 > 3i?2 satisfying 



min min |T m x| > 3R-2, 

\m\<4\x\=R s 



we choose some a± > 1 such that 

r3R 2 l 

w a (T m x)>MV + {s n + a)-ds>V(x), V \x\ = R 3 , V \m\ < 4. 

It is easy to see that 

w a (x) = -\x\ 2 + 11(a) + 0(\x\ 2 ~ n ) as |x| — > 00, 

where /x(a), monotonic and continuous in a for large a, tends to 00 as a — > 00. 
Define, for a > ai, 



and 



max{V A (a;), w a (a;)} — yu(a), |x| < R3, 
w a (x) - /i(a), \x\ > R 3 , 



yi m) (x) = uf(T m x), x£f\E, to G Z. 
Then, for to G Z, 

u^(x) = ^\T m x\ 2 + 0(\x\ 2 ~ n ) as \x\ -> 00, (41) 

u£ m > = -/i(a) on T, 
^(m) —v in some open neighborhood of E, 
and w^ m ) is a convex function satisfying, in the viscosity sense, 

det(D 2 u { r ] ) > 1 in R n . 

Define 

u a (x, m) = u { ™ ] (x) , V (x, to) G M. 
Then M„ is a locally convex function on M satisfying 

2±a(x, to) = -\T m x\ 2 + 0(\x\ 2 ~ n ), as \x\ — > 00, 
2 

hmM a (x, to) = —fj,(a), ViGf, V to G 



and, in view of (40), in the viscosity sense, 

det(D 2 M a ) > 1 in M. 



Let i? 4 be denned by 

and let 

w(x) = < 



max max |T m x| = -R4, 

|m|<4 |a;|=2_R3 



f* [s n - (R A ) n ]"ds, \x\>R 4 , 
0, \x\ < R 4 . 



Then w E C^K") fl C°°(M n \ B R4 ) is a convex function satisfying 

det(£>V) = 1 onl"\5,; 4 , 
Vw = on aB^, 

and, for some (3 EM., 

w(x) = l-\x\ 2 + (3 + 0(\x\ 2 ~ n ), as \x\ -> 00. 

Define 

m) = w(T m x) — (3, V (x, m) G M. 
Clearly w satisfies, in the viscosity sense 

det(£> 2 w) < 1, on M. 

For A large, w + A > w a on M. Let 

A a := inf{A > | w + A > w a on M}. 

Fix some ai > a\ such that 

—fi(a) < —{3 V a > a,2- 

By (41), (42), (43) and (44), no touching of w + A a and w a can occur 
arguments on page 575 of [6]). Thus A a = and w > w a on M for all a > a 2 . 
Let S a denote the set of locally convex functions v on M satisfying 

v < w on M, 
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v(x, to) = v(Tx, m — 1) V (x, m) G M, 
det{D 2 v) > 1 on M, 
limsupf (x, m) < — //(a), ViGT, VmG-2. 

Clearly ^e^. Define 

u (x, m) = sup{f(x, m) | t> G 5}, V (x, to) G M. 

Using some arguments similar to those in the proofs of Theorem 1.2 and Theorem 
3.1, together with some standard arguments, we see that u a , for a > a 2 , is a locally 
convex solution to (36) satisfying (39) with Q(x) = \\x\ 2 and (38) with (3 = n(a). 
To complete the proof of Theorem 6.1, we only need to prove that u G C°°(M). 
This follows from the regularity theory of the first author as used in the proof of 
Theorem 2.1. Indeed the only additional observation is that, because of (39), there 
can not be a ray to infinity on which u a is linear. Theorem 6.1 is established. 



7 Infinitely valued solutions with constant right 
hand side and a triple point 

In this section we construct, only in K 3 , infinitely valued solutions with constant 
right hand side and a triple point by combining the arguments in Section 5 and 6. 
As in Section 5, the construction relies on the geometry of the Pogorelov singular 
solution. 

In M 3 = {(xi,x 2 ,x 3 ) | Xi G E}, let ei,e 2 ,e 3 be distinct unit vectors lying in 
M 2 := {(xi,x 2 ,0) | xi G M.} which satisfy (26). With the Pogorelov singular solution 
in (28), we let P ej denote the Pogorelov solution which vanishes along the ej— line, 
and we define 

3 

h(x) = max{i • ej + P ej (x)}, \x\ < -. 

We let 

~ 3 
h(x) := h(x) + iC|x3| , \x\ < -, 

2 

and we will fix some large constant K below. 

Let Ti,T 2 ,Ts be 3 x 3 real matrices satisfying TiX = x for all x G M 2 . We now 
fix some large positive constant K such that for all |(xi,X2,0)| < |, for i = 1,2,3, 
and for all m = 0, ±1, ±2, we have 
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Let b G M. n , A be a real symmetric 3x3 matrix, then there exists some c*, which 
depends on A, 6 and ft,, such that for all c > c* we can construct, as in Section 6, a 
convex function W on R™, satisfying, 

W(x) = h(x), V < |, 

W(a;) = \x' Ax + b ■ x + c + O(t^t), as |x| — > oo, 
and, in the viscosity sense, 

det(L> 2 W0 > 1 in M n . 
Let r 1; T 2 , T 3 be three bounded convex curves lying in R 2 satisfying 



and 



ri n {x e k 2 | 


\x\ < 1} 


= {sei 


\ < s < 1} U {se 2 


< s < 1}, 


r 2 n{iGi 2 | 


\x\ < 1} 


= {se 2 


| < s < 1} U {se 3 


< s < 1}, 


r 3 n{iGi 2 | 


\x\ < 1} 


= {se 3 


| < s < 1} U {sei 


< s < 1}. 



We set 

r = r\ u r 2 u r 3 . 

Let M denote the universal cover of M 3 \ T. The fundamental group G of M 
is the free products of three cyclic groups G\, G 2 and G 3 . We use to denote 
the generator of Gj. Fixing a base point x* in R 3 \ T, we parameterize points of 
M = (M 3 \ T) x G as usual: For x G M 3 \ T and 5 = g^g^g^ ■ ■ ■ gf +1 gf +2 gf +A G G, 
we use (x, (?) to denote the point of M obtained by a path starting from x*, ending 
at x, and crossing S x ii times (ii = means no crossing, i± > means crossing in 
the positive direction, i.e., from Vt^ to Qi, i\ < means crossing in the negative 
direction), crossing £ 2 i 2 times, crossing £ 3 i 3 times, crossing Si i 4 times, crossing 
S 2 i 5 times, • • •, crossing E 3 i 3 i +3 times. 

For g = g?g»g« • ■ ■ gT +i gf +2 gf +3 G C, we use notation 

'JVq') rpi3l + 3rpi3l + 2rpi3l + l _ _ ^ rpi^ rpi2rpil 

\U } 3 2 1 3 2 1 * 

Now we define a function u on M by setting, for all (x, g) G M, 



u(x,g)=W(T(g)x). 
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It is clear that u is a locally convex function on M satisfying 

u(x,g) = W(x), 
u(x,g) = u(T(g)x,g), 

and, in the viscosity sense, 

det(L>V) > 1 in M. 

Clearly u satisfies 

limsup ( — Q(T(g)x)\ ) < oo, V g E G, 

where Q(x) := \x' Ax + b ■ x + c. 

Modifying the construction of the super solution w in Section 6, and increasing 
the value of c* if necessary (recall that c > c*), we may construct a locally convex 
function u on M satisfying 

u > u on M, 
limsup ( IxH^x) — Q(T(g)x) \ ) < oo, V g EG, 

u(x, g) = u{T{g)x, g) V (x, g) G M, 
and, in the viscosity sense, 

det{D 2 u) < 1 on M. 
Let S denote the set of locally convex functions v on M satisfying, 

v < u in M, 
v(x, g) = v(T(g)x, g) V (x, g) G M, 
lim sup ( v (x, g) — u(x, g) ) < ViGT, \f g E G, 
and, in the viscosity sense, 

det(D 2 v) > 1 in M. 

Clearly ueS. Define 

u(x,g) = sup{v(x, g) \ v E S}, V (rr, g) E M. 
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Theorem 7.1 The above defined u is a locally convex viscosity solution to 

det(D 2 u) = 1 inM, (46) 



satisfying 



and 



u(x, g) = u(T(g)x, g) V (x, g) G M, (47) 

lim (u(x, g) - u(x, g)^j = ViGT, VgeG, (48) 

limsup (\x\\u(x) - Q(T(g)x)\\ < oo, V g e G. (49) 

|x|— ><X> \ / 



Proof of Theorem 7.1. This theorem follows from some arguments similar to 
those used in the proofs of the theorems in previous sections. Let us outline the 
arguments below. First we let B 1: B 2 ,B 3 ,--- be defined as in the proof of Theorem 
3.1, with D\ T replaced by R 3 \ T. For v G S, and for any open ball B C R 3 \ T, we 
define T^f similar to the definition in the proof of of Theorem 3.1, only changing 
e s in (13) to 1. Define {vi} C S the same as below (13). Since v « < u in M, we 
deduce, using also the local convexity and the monotonicity property of {v j} (recall 
that Vi < v i+ i in M), that fj converges in C® oc (M) to some locally convex function 
u. Clearly u satisfies (47) and (49). By some standard arguments, u satisfies (46) 
in the viscosity sense. Since 

lim sup I Vi (x, g) — u(x, g) j < VieT, V g £ G, 

we can deduce (48) by using arguments similar to those used in the proof of Theorem 
3.1. Theorem 7.1 is established. 

□ 



8 Appendix 

Lemma 8.1 Let D be a strictly convex bounded open set in R n , n > 1, with C 2 
boundary, and let $ e C 2 (D). Then there exists some constant C, depending only 
on n, $ and D, such that for every £ e dD, there exists x(£) G R n satisfying 

\x(0 \<C and -u^ < $ on7)\ {£}, 
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where 

ws(x) := $(0 + - - m\ 2 ) , a G R". 



Proof. It follows from modification of the proof of lemma 5.1 in [6]. 

□ 
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